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ABSTRACT: We construct spinning dual M2 giant gravitons in AdS, x S7, which generically
become % BPS states, and show that their world-volumes become torii. By taking an
orbifold, we obtain spinning dielectric D2-brane configurations in AdS; x CP? dual to
specific BPS operators in ABJM theory. This reveals a novel mechanism how to give an
angular momentum to a dielectric D2-brane. We also find that when its angular momentum
in the AdS4 becomes large, it approaches to a ring-like object. Our result might suggest
an existence of supersymmetric black rings in the AdSy background. We will also discuss
dual giant gravitons in AdSy x C'P3.
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1. Introduction

The studies of D-branes and M-branes have certainly been crucial in recent developments
of string theory and M-theory. The classical dynamics of a brane is described by its
world-volume theory, which is reparametrization invariant. At the same time, they are the
sources of various gauge fields such as RR-fields. Thus the dynamics of their world-volumes
is largely affected by the presence of the various fluxes in string theory and M-theory.

In particular, consider a D2-D0 bound state in type IIA string with the RR-3 form flux
in the world-volume direction. Then it is well-known that the stable world-volume is given



by a two sphere, called the fuzzy sphere (or dielectric D2-brane) [f[]. This configuration can
be regarded as a system of multiple DO-branes, which are expanded into a sphere due to the
non-abelian RR coupling [fl]. In the beginning of this paper, we will explicitly construct a
supersymmetric fuzzy sphere in the fully back-reacted ITA background of AdSyx CP3 B B
This predicts a new class of supersymmetric states in the dual ABJM theory [.

We may naturally think a fuzzy sphere as a rigid body in the low energy limit since
it is composed of infinitesimally small and massive constituents (i.e. DO-branes). This
suggests, for example, that we can give it an angular momentum. Actually, by colliding
closed strings with the fuzzy sphere, we can excite the angular momentum. However,
naively this contradicts with the D2-brane description because the world-volume theory is
reparametrization invariant and there seems no room for adding any angular momenta.

One of the main purposes of this paper is to resolve this puzzle completely. We argue
that the spinning fuzzy ‘sphere’ is realized by putting a non-vanishing electric flux so that it
produces the non-zero Poynting vector together with the magnetic flux due to the D0-brane
charge (see figure[l]). Even though this is similar to the mechanism of the supertube [[], our
case is far more non-trivial since the Gauss law on the sphere seems to contradict the pres-
ence of the electric flux. Indeed, as we will show explicitly, the topology of the world-volume
is no longer a sphere but it should be changed into a torus in order to realize a stationary
spinning configuration. This topology change is naturally explained by interpreting the
sources of electric flux as the fundamental strings attached on the North and South Poles
of the two sphere as explained in figure f[. When its angular momentum in the AdS; be-
comes large, the fuzzy torus degenerates into a ring-like object (‘fuzzy ring’). Since some
of such fuzzy rings become BPS states, they may resemble supersymmetric black rings [f].

Another D-brane configuration, which is analogous to the previous example, will be
the giant gravitons [j—f]. Here we especially consider! dual giant gravitons in AdS; x S7.
It is a spherical M2-brane with angular momenta (or R-charges in the dual C'F'T3) in the
S7 direction. As we will show in this paper, its reduction to the type IIA string via the
orbifolding procedure introduced in [, precisely leads to the mentioned spherical dielectric
D2-brane in AdS; x CP3.

Moreover, we will construct a spinning dual giant gravitons in M-theory by solving the
BPS equations explicitly. By reducing them to type IIA via the orbifold, we will obtain
the exact solution of the spinning fuzzy D2-brane. We will show that the world-volumes

2 a sphere (see figure fl) with two spikes attached or

of a spinning giant graviton becomes
a torus (see figure ff).

This paper is organized as follows: In section two, we briefly review the M-theory on
AdS, x ST and type IIA string on AdS; x C'P3. In section three, we construct a dielectric

D2-brane solution in AdSs x C'P3 and show that it can be obtained from the reduction

! As usual, a dual giant graviton means a giant graviton whose 2 + 1 dimensional world-volume expands
in the AdS4 direction [E]

2The spike and torus configurations of D-branes or M-branes have been already noticed by studying the
giant gravitons in the pp-wave backgrounds in [E*B] Also we would like to refer to [E*E] for excellent
constructions of generic dual giant gravitons in AdSs x S® based on the approach @] using the holomorphic
surface.
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Figure 1: If we collides closed strings with a fuzzy sphere (or a dielectric D2-brane), it should
begin spinning. To give a non-vanishing angular momentum, we need fundamental strings which
connect between the North Pole and the South Pole. By regarding the total system as a bound
state of a D2-brane, DO-branes and F-strings, its world-volume becomes a torus. In this paper we
will present an exact profile of this configuration by solving the BPS equation.

of a dual giant graviton in AdSy; x ST by the orbifolding. In section four, we construct
spinning dual giant gravitons in AdS, x S” by solving the BPS equations. In section five, we
obtain the spinning dielectric D2-brane solution in the AdS; x C'P3 by taking the orbifold
reduction of the spinning giant graviton solutions. In section 6, we construct dual giant
gravitons in type IIA string on AdS; x CP3. In section 7, we summarize the conclusion.

2. Review of M-theory on AdS, X S7/Z), and IIA on AdS, x CP3

The near horizon metric of N'(= Nk) M2-branes becomes AdS; x S”

2

ds* = = [dshys, +4d07], R = 1,(2572N")3, (2.1)
2
2 2\ 7,2 r 2/ 102 .2 2
dsigs, = — (1+r )dt —i—m + r°(df* + sin” Odyp?),
with 4-form flux
3
Fw:—géﬁmﬂﬁAWAwAw, (2.2)

where Q7 represents the coordinate of S7 with unit radius:
|21 4 Jz2? + |23]? + [24]” = 1. (2.3)
We can express

zi= e, (i=1,2,3,4) (2.4)



where (11, 2, 13, t4) = (sin «, cos acsin 3, cos a cos 3 sin 7y, cos a cos 3 cos y). We choose the

coordinate (2%, 2!, ..., 210) as follows
20 =+, ' =, z2 =0, 3=, zt = q,
5 6 7 8 9 10
X 257 T =7, X :€17 x 2527 X :€37 x :€4' (25)

Our convention of I' matrices is such that v are normalized such that {y,,v.,} = 2n,,; on
the other hand, I'* are not normalized i.e. {I';,,I',} = 2g,,. Then the Killing spinors € on
AdSy x ST are found to be (see appendix [A])

2 Bx oy &1 £2 £3 €4 2 P A to 4 0 @
. 6%77465’7’7565“/’7667’74767“/5867’7696777106—5“/176—5’70765“/1265“/2360 = Mey, (2.6)

where we defined 4 = 9123

and sinhp = r; ¢y is a constant 11D spinor which satisfies
Y012345678910€0 = €o. 1t is easy to check {#,7,} = 0,(a = 0,1,2,3). As we can choose a
constant spinor € arbitrary, there are 32 Killing spinors in AdS; x S7 as is well-known.
Let us take the Z, orbifold of ST and reduce the M-theory background AdSy x S7/Z;,
to the type IIA string background AdS, x CP? following [Bl. The Zi, quotient acts on the

complex coordinates z; (i =1,2,3,4) as

2z~ ei%zi, (2.7)

thus &; is identified as & ~ & + 2% under the orbifold action. If we define v47¢9 = is71€q,
vs58€0 = 1S2€g and Ygo€g = iS3€0, the spinors which survive the Zj orbifold projection are
the ones (s1,s9,83) = (+,+,—), (+,—,+), (=, +,+),(+,—, =), (—,+,—), (—,—,+). The
ones with (+,+,+) and (—, —, —) are projected out. Therefore 24 out of 32 Killing spinors
are survived in the AdSy x S7/Z; with k > 2 as claimed in [J.

To see the reduction of our M-theory background to the type IIA string explicitly, it
is easier to parameterize S7 as follows® (see [R(]) instead of (P.4)

01 jxiter . 0 jX1—%1
21 = cos( cos 5 € 2, 29 = cos ( sin - e z
. 92 - X2+¥2 . . 92 - X2~ P2
z3 =sin( cos - e, zy =sin( sin o e, (2.8)

where the angular valuables run the values 0 < ¢ < 5, 0 < x; < 4w, 0 < ¢; < 27 and
0<6; <.
Define new coordinates

X1 =2y +, X2 =2y — . (2.9)
The Z;. orbifold action is now given by y ~ y + 2?” Then

dsgr = dsgps + (dy + A)°, (2.10)

3In this paper, however, we will always work with the coordinate choice (@) and (E) except in this
section and section 6.



where A is one form such that dA = 2J (J is the Kahler form of CP3). By comparing
the above result with the conventional reduction formula, we obtain type IIA background
AdSy x CP3 with 1-form and 3-form RR potentials as follows (setting o/ = 1) [B, £

ds® = R*(ds’yg, + 4dst.ps),

G 0 2
ds%P3 = d¢? 4 cos (%sin® ¢ <d1,!) + COSZ 1d<,01 — COSZ 2d<,02>

1 1
+3 cos? ¢ (db3 + sin® 01dy?) + 1 sin? ((d63 + sin? ady3), (2.11)
ch = g [(0082 ¢ —sin® ¢)dyp + cos? ¢ cos f1dyp; + sin® € cos O2dpa]

n2
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2
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Again, this background preserves 24 supersymmetries and its holographic dual is recently
argued to be the three dimensional N'= 6 Chern-Simons theory (ABJM theory) [[].

e

3. Fuzzy sphere and dual giant gravitons

3.1 Dual giant gravitons in M-theory

Consider a dual giant graviton expanding spherically in AdS4 and rotating in the y direction
of S7 given in (R.1(). We take the world-volume coordinates of the M2-brane as

oo=T7=t, o1=0, o9=0, (3.1)

and assume the transverse coordinates except y does not depend on the world-volume
coordinates, and y depends on ¢t as

y = y(t). (3.2)

Remember that this coordinate y, defined in (.10), is the diagonal part of §; (i = 1,2,3,4)
in (B.4) and we fix both the non-diagonal part of §; and the values of («, 3,7) to be constant.
The action for this ansatz is given by the DBI action and the Chern-Simons term

S = _TQ/d?’a,/—det(P[G],-j) —TQ/P[C“”)],
_ TR [ae [T ), (3:3)

2

where i, j and PJ...] denote the world-volume coordinates and the pull-back on the world-
volume respectively. The tension is given by 75 = ﬁ in our convention. The conserved
momentum conjugate to y becomes

rzy'

V142 — 492

P, =21 R*Ty (3.4)



and the Hamiltonian becomes using P,

H=Py—L
TR3TY P2
= Loy fri4 — Y 3] 3.5
5 +r2yr +(7T )2 r (3.5)

Thus we obtain the solution satisfying 0H/0r = 0 as

| p2
r =20, 7(7TR3yT2)2’ (3.6)

The former is a graviton and the latter is a giant graviton solution. Substituting these
into (B4), we can determine the dependence on t of y as y = % or equally,

t
§i=8&=8=8= 3 (3.7)
Then the graviton and giant graviton rotate with the velocity of light and have equal
energies?
P, 1
E:7:§(J1+J2+J3+J4), (3.8)

where J; = P, are the momenta in the §; direction.

For example, if only one of .J; is non-vanishing, this relation (B.§) shows the giant

graviton is % BPS state [[]] (for the properties of the supersymmetric states in the dual

CFTj3 see e.g. [R1])). In the same way we can have 1/4 and 1/8 BPS dual giants depending
on the values of (, 3,7) as we will show in section 4. The result is summarized in table [l

3.2 Fuzzy sphere in AdS,

Now we would like to show that dielectric D2-branes [[ll] (or fuzzy spheres) can be realized

in the AdS; x CP3 background (R-11)). It expands spherically in AdS; and we take the
world-volume coordinates of D2-brane as

og=17=t,00 =0,00 =, (3.9)
and introduce the U(1) field strength, describing the M DO0-brane charge
M
F = > sin 0df A dp. (3.10)

Assuming the solution does not depend on ¢, the action for D2-brane becomes

S =—Tp / d3ae—¢\/ — det(P[G); + 27Fy;) — Ty / P[C®)]

2012
\/r2+11/7‘4+7TR]\44 —r3]. (3.11)

4The factor 1/2 of right hand side comes from the difference of the radius between AdSs and 57;
2Raas, = Rg7 = R.

= —27T, kR? / dt




Since this Lagrangian consists of only potential term, the solution is easily obtained by
minimizing the Hamiltonian H leading to

M

Sz H= 21Ty kM. (3.12)

r =

In our convention we have T = ﬁ and thus we find the energy of the fuzzy sphere

kM k
E =7 G»:M,/W). (3.13)

The above fuzzy sphere configurations composed of the D2-D0 bound states descend
from the dual giant M2-branes in AdS; x S7/Z;, which is rotating in the 0y direction.
This is easily seen by taking the Z; orbifold y — y + 27” of the dual giant in section 3.1.
Indeed, the sum of the R-charges is quantized as J; + Jo + J3+ J4 € kZ due to the orbifold
projection, leading to the agreement between (B.13) and (B.§).

The fuzzy sphere D2-branes are parameterized by its position in CP? in the IIA de-
scription. Some of them preserve a half supersymmetries (12 SUSYs) when only one of
Ji (i =1,2,3,4) is non-zero as summarized in the k > 2 case of the table [l Therefore,
it is very interesting to consider its dual operator in the ABJM theory (for a recent study
of operators in ABJM theory dual to giant gravitons refer to 29]) . When the number of
DO0-branes is M, the energy or conformal dimension is given by F = % and the baryon
charge is kM. Thus it should be made of k scalar fields of the matter fields (A1, Az, By, Bs).
In order to have a gauge invariant operator we need a contribution from the flux sector or
the Wilson line in the sense of [J]. It will be an interesting future direction to pursuit the

dual CFT operator in detail.

4. Spinning dual giant gravitons in M-theory

As we have shown in the previous section the dual giant gravitons in M-theory on AdSy x
S7/Zy, are equivalent to the dielectric D2-branes (fuzzy spheres) in type IIA string on
AdSy x CP3. Partly motivated by the problem raised in the introduction summarized in
figure [l, we would like to move on to a more non-trivial example by introducing a non-
vanishing spin in the AdSy direction. Another motivation for this is to understand the %
BPS states in AdS; x S7. In this section we will analyze the M-theory description of the
spinning dual giant gravitons and construct exact solutions by solving the BPS equation.
In the next section we reduce the solution to the fuzzy torus in type IIA string.

4.1 Spinning giant graviton ansatz

We assume the following ansatz® of the spinning dual giant graviton in AdS; x S7/Zj,

r=r(0), y=wp+uwt, (4.1)

5The unspecified parts are the same as the non-spinning dual giant. If we write all components explicitly
in the coordinate system (@) , then we have & = & = §3 = & = wy + wt and («, B,7) are fixed to be
constant.



where w € % is the winding number equivalent to fundamental string charge (remember
that y is compactified as y ~ y + 2?”), while non-zero constant w leads to the D0O-brane
charge after the Kaluza-Klein reduction.

Then the M2-brane world-volume theory becomes

S=-T, / dtdfdyL, (4.2)

where

8 72
— L = 2 2 2) «in2 2 2\ 2,9 i 2 3
R?’E \/<1+T2+7‘>(7‘ (1 +72)sin® 6 + 4w?(1 + r?) — dw?r?sin?6) — r’sinf. (4.3)

4.2 Supersymmetry condition (generic case)

We would like to find M2-brane configurations that preserve some supersymmetries. The
projection operator of supersymmetries in the presence of M2-branes is given by

1

F=— k9, X190, XV 0, X Ty, 4.4
3I/—det PG| T TR e 4
which always satisfies 2 = 1. We will analyze the supersymmetry conditions closely

following the general strategy in [ff], where non-spinning dual giants in AdSs x S° has been
studied. In this subsection we assume that the M2-brane is situated at a generic point of
(o, 8,7) in the coordinate system (R.§). In section [.§, we will discuss the issue that the
number of preserved supersymmetries is enhanced at particular values of («, 3,7).

To examine the supersymmetry condition, let us notice I'y = RZ?‘:l ive+i- Instead
we will write I'y, = R, for simplicity, but notice that -, depends on the coordinate «, 3
and 7. In the end we find (we define = sinh p)

1
F= ([ +wD,)(T2 4+ 'T1)(Ts + wy) + (perm)

31/— det P[G]

R3 r
= V1472 vg4+2w <r +— >rsin6 +2w~,, )+ (perm
8- 3! —detP[G]< ot 2e) (e ) (s 02wy + (perm)

R3

8- \/—det P[G]

V1 + 7212 sin Oypo3 + 2rwy/1 + 12 Yozy + r'rsin 6 yo13 + 2 w01y

2wr'r sin 6
+ 2wr? sin 0 Yy23 wrrem ]

Vit V8

R3
=————(p'y1+sinh pv2)|2(w sinh psin 3 —w cosh pyp)7y, —sinh p cosh psin Hyp3|
8-/ — det P[g]
(4.5)
and
R3
\/ —det P[G] = Y \/(p’2 +sinh? p)(sinh? p cosh? psin? 6 +4w? cosh? p—4w? sinh? psin? 6).
(4.6)



The M2-brane preserves a fraction of supersymmetries specified by
(I'+1)e=0, (4.7)

out of the total 24 (or 32) Killing spinors when k = 1,2 (or when k > 2). This requirement
is highly non-trivial since both T' and e depend on the coordinates. Multiplying (p'y1 +
sinh pys) from the left, ({.7) becomes

[\/_ { sinh p sin 673(2wy, + cosh pyy) — 2w cosh pymy} + p'y1 + sinh pvg] Mey =0,
/2 i h
V5= \/ Pt s p (4.8)

sinh? p cosh? psin? 0 + 4w? cosh? p — 4w? sinh? psin® 6’

To find the configuration preserving the supersymmetry, we suppose the following con-
ditions so that the above projection does not depend on «, 3, when we move M to the left

(Ya7 — 710%)€0 = 0, (758 — 7107)€0 = 0,
(Y69 — v10¥)€0 = 0. (4.9)
These three conditions are not independent because of the relation vg12345678910€0 = €0 and

the two of them become independent. Under this conditions, we can move the matrix M
to the left using the identities (B.1]) given in the appendix

M [et%ﬁ sinh p{cosh p\/§{2w cos 02310 +sin 0 (sin @y2 —cos ©y3)v10 (2w —"010 — 2w’yl)} — p"y}
+ {(p cosh pcos @ — sinh psin )y, — 2w cosh? p\/s7910 — 2w sinh? psin® 01/s79110 }

+(cos pry2+sin ¢y3) {p/ cosh psin @ +sinh p cos § —2w sinh? psin 6 cos 9\/57010}] g =0

(4.10)

To drop the time dependence in the first line, the following two conditions are needed

(2w — 010 — 2wy1)eo = 0,
Y023 (—Zw cosh p cos 0v/sy010 + p/%) e = 0. (4.11)

Since 1 and 7p19 commute with each other, we can simultaneously diagonalize these ma-
trices. Denoting the eigenvalues of these matrices by n;(= £1) and ny(= £1) respectively,
the above equations are solved by

2w =2 (2mmnaw + 1),
2 inh h 0
o = — 2w sinh pcosh p cos (mmpw >0, sinb?p<2u))  (412)
(sinh® p — 2m1mow) sin O
2 inh h o
= 77%772120 A pc.os (otherwise) (4.13)
(sinh” p — 2mnow) sin 6
Moreover, we can check whether the second and third line of ({.1() vanish or not, and
we eventually find that only the latter case i.e. (f.13) satisfies it. The conditions ([£9)
and (JL.11)) for the Killing spinor tell that this solution is (at least) % BPS.

The solution ([.13) is classified into the following two types:




e For mimow < 0, p decreases monotonically from p(0) = oo to p (%) with 8 varying
from 0 to 5.

e For mmpw > 0 and sinh? p > 2|w|, p increases from p(fy) to p(5) with 6 varying from
to to 7, satisfying sinh? p(fy) = 2mnow.

We can extend these solutions beyond # = § in a symmetric way under the Z» action
0 — m—0. In the first case, we will have a sphere with two spikes attached (we will analyze
this in detail later, see figure f]). In the second case, the M2-brane world-volume naively
ends at § = 0. This is due to the assumption that r is single-valued function of € in
deriving (J£7). Actually, the correct interpretation of the second case turns out to be a
toroidal world-volume (as we will examine in detail later, see figure fJ), where r becomes
double-valued. That is to say, the above description covers only a half part of the whole
configuration. If we choose the appropriate world-volume coordinate y corresponding to
the one cycle of the torus, instead of #, the relation between the k-projection gamma

matrices ({.4) becomes

_00/0x
060/0x|

Therefore, in second case, the sign flips at § = 8y and we must use

L(t, x, ) I'(t,0,¢). (4.14)

(-T+1)e=0 (4.15)
instead of (.7) to extend the above configuration. We can solve this equation similarly
and obtain the supersymmetric solution which connects the above solution as

2 inh h 0
/= T2 ST P EOSA O EO8 (mmaw > 0, sinh? p < 2w)). (4.16)

(sinh? p — 2nmpw) sin O
In summary, we find that a spinning dual M2-giant in AdSy x S7 (or AdSy x S7/Z5)
becomes at least % BPS state if the following BPS equation is satisfied

2w = n2(2mmnaw + 1),
,  2mmow sinh p cosh pcos 0

. 4.17
(sinh? p — 2mmpw) sin 6 (4.17)
We can also rewrite this BPS equation in terms of the coordinate r
dr r(14+72)  cosd
— =2 . . 4.18
g~ MR 2nimow  sin @ (4.18)

As we will explain in the next subsection, it becomes i or % BPS states if we choose
specific values of «, 3 and v. We will leave the details of the analysis of supersymmetry
enhancement to the section [L.j.

A spinning dual M2-giant in AdSy x S7/Z; (k > 2) can be treated similarly by just
taking the orbifold y ~ y + 2?” This orbifold projection kills some of the supersymmetries.
In fact, in the generic case, no supersymmetries will be left after the orbifolding. However,
as we will explain in section [L.H, for specific values of o, 3 and +, there will be remaining
supersymmetries, leading to % or % BPS states in AdSy x S7/Z.

— 10 —



4.3 BPS equation from Bogomolnyi bound

In this section, we derive the supersymmetric equation ({17) or (f.1§) from another ap-
proach of the Bogomolnyi bound. We can show the DBI part of the action is rewritten as
follows

7"/2

8 ——
R3 —Pl6l = \/(1 + 72

2 2 2 gip2 2 2
:\/<2wd(7‘0059) +m’3sin6> +(7‘ +2w)? sin 9<@_2nw7‘(1—|—r )cos@) 7

+ r2> (r2(1 +72) sin? 6 + 4w?(1 4 r2) — 4w?r? sin? 0)

do 1+7r? df  (r? —2nw)sinf
(4.19)
imposing the relation®
_ N
w—i<w+2), (4.20)

where we can allow both signs n = £1, corresponding to the freedom 717, = £1 in ({.19).
If the BPS equation ([.1§) or equally

dr r(1+172) cosd
— =2 . 4.21
a9 ~ 12T 2nw  sinf’ (4.21)
is satisfied (setting n = m172), then the total Lagrangian
8 8 3 . d(r cos0)
ﬁﬁ = ﬁ\/ —P[G] +r’sinf = :!:2?’]'11)7, (422)

successfully becomes a total derivative as required from the ordinary Bogomolnyi bound
argument. At the same time, this guarantees that the solution to the BPS equation ({£.21)
satisfied the equation of motion. Notice that the coefficient in front of 2 sin @ represents
whether we consider a M2-brane or an anti M2-brane. By plugging the explicit solutions,
we can check that in the Lagrangian ({£.23), the r3sin @ term from the square root always
cancels out the r3sinf term from the coupling to 3-form field. In this way, we rederived
the BPS equation (f.17) or (f.1§) from the Bogomolnyi bound argument.

We would also like to compute energy and angular momenta. There are five different
angular momenta: J; = P, (i = 1,2,3,4) and S = P,. In the AdS,;/CFT3 viewpoint
J; is the R-charge and S is the spin inside the AdSy. They are obtained by taking the
functional derivative as P, = =T [ dﬂdgog—g and we find the linear relation

2
g =Htig (4.23)
w

where p; = (sin «, cos asin 3, cos «v cos 3 sin y, cos a cos (3 cosy). If we define J = Z?:l Ji (=
P,), then we find the relation wJ = S.

5The over role + sign is equal to ;.
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The energy is given by

E:/ww

where 7 = £1 is the sign introduced in (f.1J). Notice that this relation almost saturates
the BPS bound expected from the dual CFTj since the final term [ dfdeL is a total
derivative ({.22).

4
Z Pﬁz‘éi - (-T2)L
1=1

= %(25 + 1+ Jo+ J3+ Ja) + T2/d9d'90£’ (4.24)

4.4 Analytical solutions to BPS equation

Now let us solve the BPS equation ([.21)) and determine the shape of M2-brane. We can
analytically solve the differential equation and finally we get

1 1
sinf=A-r~ Y1422 Tw, (4.25)
where A is a constant. If we instead employ the coordinate p we obtain
1
sing = A LCohp) T (4.26)
sinh p
Since the solution is Zz symmetric 7(f) = r(m — 6), we have only to discuss the

behavior of the function 7(f) for 0 < 6 < 5. It is easy to see that when nw < 0 there are
only one value of r which satisfies (.25), while when nw > 0 there are two such solutions.
Accordingly, we have two different types of the M2-brane shape depending on the sign of nw.

4.4.1 Case 1: nw < 0 (giant spike)

In this case, r(#) is monotonically decreasing function when 0 < 0 < g It satisfies

7(0) = oo and 7(§) = 79, where the constant rg > 0 is related to the integration constant A

1 1
via A =ro(1+ 7‘8)_5+W. The shape of this M2-brane world-volume is plotted in figure .
It looks like a sphere with two spikes attached. The spikes are actually a cylinder with

radius % winding wk times in the y direction. Thus it can be regarded as a bound state

of a (non-spinning) dual M2 giant and wk tubular M2 branes.”
Its energy is calculated from (f.24) as follows (we choose 17y = +1)

1 3
E-5— §(J1 + o+ I3+ Jy) = %T2 /d@dgp 2wlr cos 0]’

= mwR3Ty (e — 70), (4.27)

where 1., presents the infinitely large value of 7 at 8 = 0 and 6 = w. Indeed the infinitely
large contribution of right-hand side precisely coincides with the infinitely large mass of
kw M2-branes which wrap on the circle d, and which extend in the r direction. We can
explicitly express J = Z?:l J; as follows

12
T + 7,,2

R3 i
J="—"wTly [ ddder?sin®6 14r

2 ¥ 2/ oros \/r2sin20(1+r2) — 4w?r2sin? 0 + 4w2(1 + r2)
2 sin? 6

(14 7r2)cosf’

= 2rR3WT. d 4.2
TR’w 2/ T2w ( 8)

70

"This tubular part locally looks similar to the M-theory lift of the supertube discussed in [E]
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Figure 2: The giant-spike solution described in the three dimensional space (r,8, ) (we assumed
|w] = 10 and A = 3). This corresponds to the sign nw < 0. We multiplied the factor 10 with the
horizontal coordinates.

4.4.2 Case 2: nw > 0 (giant torus)

In this case, the values of r in ([.25) is restricted to a certain range r_ < r < r, because
the function B(r) = r~1(1+ 7‘2)%4'@ takes its minimum at r = /2w and satisfies B(0) =
B(cc) = 0. The values of r4 are given by the two solutions to Arg*(1+ r%)éJFﬁ =11t
is clear that we need to require A < 1/B(v/2w) in order to have any solution.

The values of 0 is restricted to the range 6y < 6 < m — 6y such that r(6y) = v2w. For
a given 0 there are two values of r which satisfy ({.25). Thus we can conclude that the
world-volume of this M2-brane is topologically a torus. An explicit shape of this M2-brane
world-volume is plotted in figure [J.

In this case, the total derivative term in ([l.24) just vanishes since the world-volume
has no boundary. Thus we obtain the standard BPS formula (choosing 7 = +1)

1
E=5+ §(J1 +Jo+ J3+ Jy) = wd, (4.29)
and
"+ r2sin? 6
_ 3
J =21 R°wTh /T dr2w(1 7)o (4.30)

It is interesting to note that if we fix J and take w to be large, then we can realize a
ring-like object.

4.5 Enhanced supersymmetries

In the previous subsection, we showed that the solution which satisfies ([.1§) preserves at
least two (i.e. % BPS) of the total thirty-two supersymmetries in AdS; x S7. Though for
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Figure 3: The giant-torus solution corresponding to the sign nw > 0 (we assumed |w| = 10 and
A=0.28).

general values of «, 8 and +, the spinning dual giant is a 1—16 BPS state, we can see that it
enhances to % or % BPS states for specific values of «, 8 and . In this subsection we will
examine these details of supersymmetries in both AdS, x ST and its orbifold AdS, x S7 /Z..
The result is summarized in the table [| (non-spinning case) and table ] (spinning case).

It is convenient to define the £1 eigenvalues 71,12, s1, S2, 3 and s4 of the commuting
matrices Y1, Y010, V47, V58, Ye9 and Y19 for a given spinor €y as we have already did so in
previous sections

(71 —m)eo =0, (7010 — m2)€0 = 0,
(y47 — is1)e0 = 0, (758 — i52)e0 = 0,
(769 — ng)EQ = O, (’A}/’ylo — i84)60 =0. (4.31)

Since the 11D spinor ¢ is chiral, we impose ~p12345678910€0 = €0- This leads to the relation
§1528384 — 1.

4.5.1 Enhanced supersymmetries in AdS; x S7 (or S7/Z3)

For example, if we set & = 3 = = 0 (called case (a)), we do not need to require any of the
constraints in ([L.9) because v, = y10. Thus in this case, it becomes % BPS because we only
need to fix the signs of 71 and 72. In a similar way, when two out of «v, 3 and y are vanishing
(called case (b)), we get a % BPS state by requiring a further constraint s; = s4, so = s4 or
sg = s4. For other generic values (case (c)), it becomes %6 BPS as we already mentioned.
Also notice that non-spinning case w = 0 is special. In this case we do not need to spec-
ify the value of 7 as is clear from (f.11)). Thus the number of preserved supersymmetries

becomes doubled as summarized in table [l.

4.5.2 Enhanced supersymmetries in AdS, x S7/Z;, (k > 2)

The Z,, orbifold action on the spinor ¢y produces the phase factor

€ — e%(51+52+53+84)60. (4.32)
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k Total SUSY | Case (a) | Case (b) | Case (c)
k=12 32 16 8 4
k>2 24 12 4 0

Table 1: The number of supersymmetries of dual non-spinning giant gravitons in AdSy x S7/Z.
Its world-volume looks like a sphere as usual. The result of dielectric D2-branes (or fuzzy sphere) in
type ITA string on AdS, x C'P? corresponds to the k > 2 case. The case (a) is defined by a = 8 = .
The case (b) is by a = 3, =~ or a = . The case (c) is all the other possibilities.

k Total SUSY | Case (a) | Case (b) | Case (c)
k=12 32 8 4 2
k>2 24 6 2 0

Table 2: The number of supersymmetries of dual spinning giant gravitons in AdSy x S7/Z. Its
world-volume looks like either a torus or sphere with two spikes. The result of spinning dielectric
D2-branes (or fuzzy torus) in type ITA string on AdS,; x CP3 corresponds to the k > 2 case. The
cases (a), (b) and (c) are defined in the same way as in table [I.

Thus for the M-theory on AdSy x S7/Z;, with k > 2 (or IIA string on AdSy x CP?), there
are 24 Killing spinors corresponding to the choice (+,+, —, —) and its permutations, which
satisfies the orbifold projection Z?‘Zl s; =0 (mod 2) as already mentioned.

The number of supersymmetries for spinning or non-spinning dual giants can be ana-

lyzed in the same way as in the previous k& = 1,2 case. It is again summarized in table
and table .

5. Fuzzy rings in AdS,y

As we learned in section 3, we can reduce a spherical dual giant graviton of M2-brane
to a fuzzy sphere of a dielectric D2-brane in AdS; x CP3 by considering the orbifold
AdSy x S7/Z;,. Thus it is intriguing to apply the same procedure to the spinning dual giant.

By construction, it is rotating both in the y and ¢ direction. The angular momentum
J = Py = kM leads to M units of the D0-brane charge after the reduction to IIA string,
while the winding number w corresponds to the wk units of the F-string charge.® Therefore,
the spinning dual giant constructed in the previous section will be reduced to a bound state
of a D2-brane, M DO0-branes and wk F-strings. Since the F-strings and DO-branes generate
the electric and magnetic flux, the system has a non-vanishing Poynting vector which
produces non-vanishing angular momentum (or spin) in the ¢ direction. Indeed its value
is given by S = P, = wkM. Notice that the quantization of the angular momentum is a
consequence of the charge quantization of the F-string and DO-brane. In this way, in order
to obtain a non-vanishing spin, the F-string charge is necessary.

8Remember that in the orbifold theory of AdSs x S”/Z; the winding number w is fractionally quantized
ie. wk e Z.
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One may notice that there are two different ways of attaching the F-string to the fuzzy
sphere:

(i) F-strings which are attached at north and south poles on the sphere and stretch
toward the infinity

(ii) F-strings which connects between the two poles. Indeed, the BPS equation in section
4 precisely leads to corresponding two solutions: giant spike and giant torus.

The profile of this dielectric D2-brane is again given by (4.25). The values of gauge
fluxes can be computed by rewriting” the action of a D2-brane into that of a M2-brane [R4,

25]

SDBI = _T2/ d3$ €_¢\/— det(P[G(HA)]ij + 27TFZ'j)
D2

= —Tg/ Bz [e‘¢\/— det(P[GUIN];; + e2a,a;) + me a; Fjy, (5.1)
D2

- _Tz/ d3x\/— det(P[GM));; + e3°0,50;),
M2

where we defined 9;§ = a; in the final expression. The integration over the D2-brane
gauge field A; requires the auxiliary vector field a; to be a total derivative. Notice
also that the metric in M-theory and the ITA string frame metric is related via ds%, =
e_%‘z’dslzl AT e%‘z’(dgj + C)%. We can check the equivalence of the first line and the second
line by integrating out a; explicitly.'”

The relation between F;; and 0,y is given by

€39,/ — det PG 84y = —me" Fyy, (5.3)
\/ 1+ e320;505

where the left-hand side should be computed by using the M-theory metric.
By plugging § = ky = k(wt +w¢) (1)) to (p-3), we eventually obtain the electric and
magnetic field on the spinning dielectric D2-brane as follows!!

2N r(1+7?)
Fop=—wy /2. T )
0 NV x |72 — 2nw|sin 6’
2N r3sinf
Fpp = wy| 2% 507 4
o0 =N % |72 — 2nw| (5.4)

9Since we take Kaluza-Klein reduction fixing the radius of y direction, the M2-brane tension 1% is equal
to the D2-brane tension 7% shown in @)
%Here we use the identity written in [E]

—det(P[G]ij 4 27F;;) = (— det P[G])(1 + 27° F?),
—det(P[G)ij 4+ €2*tit;) = (= det P[G])(1 + *?t;t"). (5.2)

11 ion B2 2N
We used the relation 73 = 74/~ in )
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Note that if we set w = 0 and w = %, then we correctly reproduce Fyy = 0 and Fp, = % sin 6
as discussed in section 3.2.

In the same way as the spinning dual giant, we have two different types of the world-
volume i.e. a sphere with two spikes (see figure f]) and a torus (see figure [). The former case
with infinitely long spikes is naturally understood as a bound state of the D2 fuzzy sphere
and infinitely long fundamental strings. Since it has an infinite energy, it is not appropriate
for the candidate of ‘rotating fuzzy sphere’ raised in the introduction of this paper. Instead,
the fuzzy torus configuration will be a correct candidate as explained in figure [l

The supersymmetry of these D2-D0-F1 bound states is the same as the analysis of
spinning dual giants in AdSy x S7/Z; with k sufficiently large and is shown in table [.

Finally we would like to note that it is possible to make one of two cycles of the torus
very small so that it looks like a ring assuming w is very large. By considering its back-
reacted geometry, this fuzzy ring solution might suggest an existence of supersymmetric
or non-supersymmetric black ring solutions in a certain AdS4 supergravity. However, the
topological censorship'? in AdS, [BF tells us that the horizon topology should always be
52 and not T2. Therefore, it is probable that it becomes a small black ring instead of
a macroscopic one, by taking into account higher derivative corrections (see also [B7] for
a discussion of (small) black rings in four dimension). It is also a very interesting future
problem to repeat a similar analysis for AdSs x S® and see if we can realize a fuzzy ring. If
such an object exists, it might suggest supersymmetric black ring-like objects!? in AdS5. An
evidence for non-supersymmetric black ring solutions in AdS has been given recently in [2Y].

6. Dual giant gravitons in type ITA string on AdS, x CP3

Before we conclude this paper, we would like to mention spherical D2-branes wrapped on
52 in AdSs and orbiting the CP? as they are other interesting BPS states dual to super-
symmetric operators in the ABJM theory. They can be regarded as dual giant gravitons
in type IIA string on AdS; x CP3. They are also obtained from the reduction of spherical
dual giants in AdSy x S7/Z;,.
We take the world-volume coordinates of D2-brane as
oo =T=t01=0,00=, (6.1)

and consider a trial solution of the form

Y =9(1), o1 =¢1(1), ¢2=02(7), (,01,02,7 = const. (6.2)

Then, the D2-brane action is written as

S = —2xTy kR / dtr2AY? — 3, (6.3)

12WWe are very grateful to Mukund Rangamani for bring us this reference and related discussions.

13Supersymmetric black rings in standard gauge supergravities such as the minimal gauged supergravity
have been investigated in [E] and it has been shown that they do not exist. However, in our case, the
presence of 3-form gauge potential in AdSs (or 4-form potential in AdSs) is crucial for the existence of the
fuzzy ring. It might be possible for these extra fluxes change the situation. To see if this is true or not will
be an interesting future problem.
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where A = P[G]y; is given by (in the coordinate (R.11))

cos 6y . cos By . 2
9 ¥1 5 ¥2

— cos? ¢ sin? 0% — sin? ¢ sin® fy¢3. (6.4)

A:1+r2—4cos2gsin2g<1/.)—|—

Solving the above Lagrangian, we can obtain the spherical D2-brane solution. For simplic-
ity, we take ¢ = 7,01 = 6o = 0 and 1 = (2 = 0. In this case, the Lagrangian (6.3) becomes

L=-a [7’2\/1—#7‘2—1&2—7*3}, (6.5)

where we denote a = 27T kR?. The momentum conjugate to v is

a7‘2¢

i =g

Py = (6.6)

Using this, the Hamiltonian becomes

. | P2
H=Pyw—L=a|Vr?+1 r4+a—;"—r3 . (6.7)

Thus the solution satisfying 0H/0r = 0 is

2
2 Fy

r =0, re = (6.8)

a?’
The former is graviton and the latter is giant graviton solution. These have the equal
energy I/ = Py = %(Jl + Jo — J3 — Jy). Since they do not rotate in the y direction, the dual
operators will not have any baryon charge. Therefore they should be dual to be singlet

operators of the bi-fundamental matter fields such as the symmetric polynomials of (A;B;)
as in the case of AdSs x S° [B(].

7. Conclusion

In this paper we presented an analytical description of spinning dual giant gravitons in
AdSy x S and its orbifold. We showed that its world-volume in AdSys looks like either a
torus or a sphere with two infinitely long spikes attached. We worked out the number of
supersymmetries which are preserved by this configuration.

We further reduced these M-theory BPS states to those in the type IIA string by
taking an orbifold. They are interpreted as spinning dielectric D2-branes. Even though
the world-volume of a non-rotating dielectric D2-branes is given by a sphere, its topology
should be changed into a torus when we rotate it. This fuzzy torus is a bound state of a
D2-brane, DO-branes and F-strings and is spinning due to the Poynting vector due to the
presence of both electric and magnetic gauge flux. If we imagine a dynamical process of
increasing angular momentum of a dielectric D2-brane, it is impossible for the topology
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change to occur instantly. Therefore, it will be intriguing to study the time-dependent
process of developing an empty tube inside the fuzzy sphere.

At the same time, our results offer new BPS objects in the AdS4 backgrounds dual
to the ABJM theory. It will be another interesting future direction to explore their dual
supersymmetric operators in detail.

We also find that for an appropriate choice of parameters, the fuzzy torus can degen-
erate into a fuzzy ring, which suggests the existence of (possibly small) supersymmetric
black rings in the AdSy4 spacetime. It may also be interesting to see if we can construct
similar dual giant gravitons in AdSs x S°.
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A. Killing spinors for AdS, x S7

Here we will construct the Killing spinors preserved in the AdSy x S7 background (R1)).
The vielbeins are given by

e = E\/ 1+ r2dt, el = _ Rdr , e? = er6?7
2 r2 2
2014+ 7=
ed = Rr%n(%(b’ e* = Rda, ¢® = Rcos adp,
% = R cos a cos Bd, e’ = Rsin adf;, e® = R cos asin 3dés,
e? = Rcosacos Bsinydés, el = Rcosacos (3 cos ydéy, (A.1)

and the spin connections defined as de’ 4+ w;, A ¥ = 0 becomes

w? = rdt, w% = —\/1—1——7‘2(19, w% = —\/1—1——7‘28in 0do,

w% = —cos 0do, wg‘ = sin ad3, wé = sin « cos Bd~, wg’ = sin GBdy,
w? = — cos ad{q, w§ = sin asin Bd&o, wg = — cos Bd&o,

wg = sin « cos [ sin yd€s, wg’ = sin [ sin yd¢&s, wg = — cos ydEs,

w‘llo = sin acos B cos ydEy, wS, = sin B cos ydéy, w?o = sin yd&y. (A.2)
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The supersymmetry transformation of the gravitino reads

1
5\If = D.E - %(Ff})\po— - 85.11F>\p0)Fl/)\pU€7 (A3)

1
Dy = <8. + szpwyp>1/1,

where € and 1 are Majorana fermions. Bosonic configuration (¥. = 0) preserves the
supersymmetry when d¥. = 0 is satisfied. Putting (A.J) into (A3), the Killing spinor
equation can be calculated as follows:

AdSy
<8t+2’701+ 147 707>
o + €=
< 2\/1+7‘ >
1
<59—§ L+ 2y + 4 3727 >€=
1 1 rsin 6
0, —5\/1+7‘2SID9’713—§COSQ’723+ vy |e=0 (A.4)
S7

<8 ——’Y’Y4 €=

1
Op + -sinayss — = cos ayys e =

2

1 1
<8«, + = 5 (sin o cos 46 + sin Bys6) — 5 cos acos Byv6 | € =

1 1
<852 (s1n asin 48 — €os Byss) — 3 cos asin f97g |e =

1 1
(853 5 —(sin a cos B sin y7y49 + sin B sin y7y59 — cos yyg9) — 5 cosacos Bsinyyyg |e =

)=
Je=o
)
)
Je=o
)

1 1
O¢, + (sm v cos 3 cos Yy410+sin [ cos yy510+sin yy610) — 5 Cosacos B cosyyy10 | € =0,

(A.5)
Solving these equations, we obtain the Killing spinor preserved by AdS; x S*
B 31 £ &, &
€ — e2 e 27%627%'6 9 V4T 075 158 05 V69 05 V110 o~ 2’Yl’Ye 2707627126272360 (A.6)

where ¢ is an arbitrary constant spinor, then we have 32 independent Killing spinors. That
is to say, there are 32 supersymmetry for AdS; x ST background.
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B. Useful identities
Below we present the useful gamma matrix identities used in section [.9

AoM = M7,
Y1 M = M(cosh z cos 01 + cosh z sin 6 cos gy + cosh x sin 0 sin py3 — sinh ze°74)
YoM = M(—sin 07y, + cos 0 cos pya + cos 0 sin ¢y3)
v3M = M(—sin py2 + cos ¢y3)
7 M = M(cosh 2707 + sinh x cos #14 + sinh 2 sin 6 cos @24 + sinh 2 sin 6 sin py37)
=1 ard — eIy — geT ST ey g e EITT e MI0Y ]
gM = M (cosh 26107 4 sinh x cos 0414 + sinh 2 sin 6 cos @24 + sinh z sin 6 sin y39)
= eI T 0y — gysg — geT 18T 00 ge g 4 ye T 8218 M0 Y g
YoM = M (cosh 26107 4 sinh x cos 0414 + sinh 2 sin 6 cos @24 4 sinh z sin 6 sin y39)
[ eIy 0 — e T8I0 g g — gygod 4 ge 3100 EHTI0T g
Y10M = M (cosh 2?7 + sinh z cos 614 + sinh 2 sin 6 cos @27 + sinh z sin 0 sin ©y3%)
[y €TI0y — et T SN0 0 — e 8100 €T M0T g 0 Aty 1
YyM = M(cosh 2797 4 sinh x cos 814 + sinh z sin § cos @29 + sinh z sin 6 sin ¢y37)
=1 e TETeTERYSE (0 s )y — o -3 €T E1MUTeTEBY69 (0 4 er)d
44 6—517476—64“/10“?(77 — Y4109) — 2 3 e 62758 o —€3769 (Y68 + V504
4 g g €788 TEMION (e g 104) 4 g oy @830 780T (g — 61 04)

— (a7 + 558 + 360 + -37109)7] (B.1)

07 ye! T = g (B.2)
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